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CONTACT PROBLEMS OF THE THEORY OF ELASTICITY
WITH FRICTION AND ADHESIONY
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An exact closed solution of the plane contact problem for a semi-infinite stamp is constructed for the case
when the free boundary of the half-plane is under a load (problem 1), or for an analytic solution, to any
prescribed accuracy, of the problem of a finite stamp impressed into an elastic half-plane under the action of
a central vertical force P (problem 2), or under the action of the above force P, a horizontal force 7 and a
pair of forces with moment M (problem 3). In all three cases the region of contact consists of a zone of
adhesion and fraction, and the stamp has a plane profile.

THE usk of the zones of Coulomb friction in formulating the problem of impressing a stamp with
incomplete adhesion into the medium was proposed in [1]. The conditions for the removal of stress
singularities from the neighbourhood of the point of transition from the zone of slippage (taking
kinetic friction into account) to separation into layers and from the adhesion of the slippage zone,
were studied in [2] for the plane problem of a composite elastic plane. In order to enable the Irwin
criterion to be applied to the problem of the delamination of heterogeneous materials, a segment
was isolated in [3], within the slippage zone, on which shear stresses were specified.

An approximate solution of problem 2 was constructed in [1] with the help of conformal mapping.
The method was extended in [4] to the solution of the problem of impressing a stamp under the
action of an eccentrically applied force. Below a different approach is proposed, based on reducing
the above problems to a Riemann vector problem for one, two and three pairs of functions (for
problem 1, 2 and 3, respectively), which are then solved using the method given in [5]. The
boundaries of the adhesion and friction zones not known in advance are found, and formulias are
derived for the contact stresses with explicitly isolated power singularities. Numerical examples are
given.

1. THE PROBLEM OF A SEMI-INFINITE STAMP

Let us consider an elastic half-plane (0<r< o, —1 <0 <0), whose Poisson’s ratio is v and whose
modulus of elasticity is E. Stresses o = f1(r), 7,6 = f2(r) are applied to part of the boundary of the
half-plane (0<r<, § = —m). When 6 = 0, the half-plane is in contact with a semi-infinite stamp.
The region of contact is separated into the adhesion zone (b <r<®): ug = 3,,, u, = §,(3,, 5, are the
normal and tangential displacements of the stamp), and the Coulomb fiction zone (0<r< ):
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Tro— nog = 0, ug = 8,, (1 is the coefficient of friction). In the adhesion part the shear stresses are
insufficient to cause slippage 7,4 — pog <0 (b<r<<, 8§ = 0). The normal contact pressure under the
stamp must be positive everywhere oy >0 (0<r< o, § = 0).

We will introduce a pair of unknown functions

x (1) = (e — POoJo=o, ¥ (r) = (1 + V)™ Edu, / 0r o=y, 0 <1< oo
with suppx (r) C[b, «), supp¥(r)C[0, b], and apply the Mellin transformation

K ou dug ny
ridr (1.1)

11 O6ss Tr08r Nrer Mosll = S TGy 195 'a—,.r ' o
0

to the equations of statics, the conditions of continuity and the physical equations. Then (the case of
plane strain)

OgelV +2(s*+1)oe” +(s2—1)20ss =0 —nL0L0, (1.2)
(s — 1) Tros = 0as’s S(s — 1) Mypy = vy [(1 — ¥) 060" +
+ (vs + 1 — v) (s — 1) Gl
s(s? — 1) nos = vy [(1 — ) 06" + (252 — vs? + 2vs —s + 1 — v) 0as']
(Ve = (1 4+ v) ETY).
Requiring that the solution of Eq. (1.2) must satisfy the boundary conditions
[(s — 1) 0o’ — pOpslomy = B*HD* (5)
[(1 — v) 0o" — (vs + 1 — %) (s — 1) Gaslomy = s (s — 1) BHD" (s)
[(1 —v) oo™ + (22 — vs® + 2vs — s + 1 — v) 0gs’loo = O

O6s lo=—n = f1s O6s lo=—n = (s —1) fas

oo 1 .5

o) = xonrear, @) ={voryrar, f,={n0ra

1 [} [}
we arrive at the Riemann problem
O () =6 (D () + (9 sT: Re(d) =70 (1.3)

G (s) = 46,1 (s) sin ms (x, cos s — px_sinqus), %y = Yy (6 1 1)

g () = 4n, b18,2 (s) sin ms [(x, + px, ctg 7s) fi, + (Wa_ — %, ctg 7s) fydl (1.4)
x =3 — 4v, 08y(s) =1 + 2% cos 2ns -+ x*
for the pair of functions ®*(s) analytic in D*: Re(s)ZvoE(—¢,0) (0<e<1). Let us write the
function G (s) in the form
G (s) = %o sin ns sin n (@ — 5) sec = (s + if) sec 7 (s — if) = K* (s) K~ (s)
%q = %, (% sin ne)t, o = x7! arcetg (px_x,™), B=(2n)'lnx
_ —s~ip)T (/s —s+ip)
K*(s) = . T(—s)T (a—3s)
%L Mo+ s+ iB)T (Yads— i)
T+ Tl —a+3s)

(1.5)

K- (s) =—
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The functions K *(s) are analytic and do not vanish in D*.
The solution of problem (1.3) has the form

O (s) = K* () ¥* (s), @7 (s) = [K~ ()17 ¥ ()

1 g(t) dt
¥ = 20 § K+*(@) t—s

Using the inverse Mellin transformation we obtain

$0) = (K OV O — g @ gy () s 0<r <

r
1 -1
20) =i K O ¥ () e 7> 1.6)
. . ~ . 4’,—6—1
0o lo=s = 5~ 5 (_sin? asb D" (s) — x,? cos aisfy, — x,%_sin qsfy,) —5—— ds

0<r < oo)

Applying the method of residues and a Tauber-type theorem to relations (1.6), we obtain

@

;‘: e=o=0(r'a), Toloms =0 (r®), r—0
du __ ve¥,(b) r \e-1 ' ) ¢ (s)ds
5 loms = el (1= To0—0 =g (G

x (r) ~ ¥ (b) [T (@) (/b — 1)*1, r—>b+0 (1.7)

In order to solve the problem completely, we must find the position of the point b, unknown
a priori. Let us introduce the stress intensity factor

K (b) = lim (r — b (19 — N06)o=0
r—b-+0

and require that K(b) =0, i.e. that 7,,—woe =0, r=>b, 6 =0. Then, as a result of (1.7), the
position of point b will be given by the condition

Y () =0 (1.8)

niere the contact stresses 7,4 and o will remain bounded in the neighbourhood of the point r = b.
We note that (1.8) is equivalent to condition [1] for determining the length of the adhesion zone. In
[2] the boundedness of the stresses at the point of transition from the Coulomb friction zone to
adhesion is obtained in a different manner for the case of the problem of the contact of a half-plane
with a single point at which the boundary conditions change.

Let us evaluate the integral (1.7) and obtain a numerical formula for the contact stress o in the
case of the Flamant problem (Fig. 1). Let f;(r) = —P8(r —c¢), f>(r) = 0 (P = const). Then

Fis = —Pc* foa =0, g (8) = —4%.8,71 (s) Pb-IAL (s), A = blec
L (8) = px, cos ns - x_sin ns, ¥y (b) = —xn, (nxb)1Pow (A)

1 1 1
um(k)=—2—u-i—§I‘(—s) I‘(a—:)F(-T+s+iﬂ)I‘ (T+s—iﬁ)§(3)k"'d:
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We will evaluate the last integral using the theory of residues. We obtain

® () = (@07 Re {(s — 1) (W4PT () IT (1 + B X
X F (29, 2; 28¢; —A), 0 <A <1
@ (A) = p'/iT (@) F (30, Zo; 4 — @5 —A7Y) — %_ (u? + 1) X
XAST (1 + )2 | T(3)|%F (2, 7; 4 + a; —A72), A >1
s=a+41l,+ 1p, zp =1+ if
The quantity X is found from the equation w(A) = 0. Evaluating the integral (1.6) and considering

the case of 0<r<b and r>b, 0<A<1 as well as A>1, we arrive at the following computational
formulas for the contact stress:

_ sin®*na a9
oe|e=o—- bu‘x‘/- ch(l)(’)ZK(l)Re( mr T I— ). r<b, A1
sinma _ ((rfe)™* @
o= 2222 (227 S $ 2 o
J=0
@ T w )
X(m—-—a+i+1— mEiFL ) T<b A

LA oo oo
»n, P cos(Bln(ric)) [ ¢ sin no
% lo—o = 7% { rtc (7’) + o Im [Zh?’ 0 Y 6 x
J=0 m=0

(w5 i)
X\mFitz tarri/lf r>h A<t

) o)
m m
oo =~ [ S2800 2 — )
r>b, A>i

Here

Wy LRI Ve, F(A+2+)HP@—Z+)) [ r \Hei-ip
k(1) = P(i——a+i)i!( ) , P ()= T (7 + 2z0) /1 (T)

I'(m+ 2) T (m+2) [T (m+ 2)[*
(0)= . 1B (1) _ A ————————
dm' =@ —0h Tnt2zw 0 %% =WaTT—atm
, _P’+1 ) [T (m+3) 2 . (_1)meI+‘/s —qym
dr:,)— 2% .. 8Sin o I\(1+a+m) ’ gs}‘)= m! 4 gg-)= (Lm”),!

Formulas (1.9) yield the contact stress intensity factor
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Kok = lim r%aq (r, 0)
r—0

%_\"% P sin® nab®1

Ko == %t a —a Re {("_i) (T

x)iﬂ r@e—z

T (1 if)sin nz X
xF(zo.z—i;Zzo;—l)}. A<t

¥ A T (2—32)
x4T(1.-a)T (2—a)

p 1
Ko (A) = r sin moc® ! { F (zo. ;2 —a; — T) =+

+F(z—1,i—1;a;—k‘1)}, A>1

2. L. A. GALIN’S PROBLEM (PROBLEM 2)

Let astamp (0<r<a, 8 = —m; 0<r<a. 6 = 0) be impressed into the elastic half-plane (0 <r< o,
—m < 0<0) under the action of a vertical force P applied at the point » = 0. The region of contact is
split into the adhesion zone uy =35, u, =8, (0<r<b, 8 = —m;0<r<b, 6 =0), and the Coulomb
friction zone ug =3,, 14— poe =0 (b<r<a, 0= —m); up=29,, T4+ pnoe =0 (b<r<a, 6=0).
Outside the zone of contact the boundary of the half-plane is load-free. As in Sec. 1, the normal
stresses must be positive within the region of contact, and shear stresses in the adhesion zone satisfy
the inequality | 7,4| <p|o].

Taking symmetry into account, we can reduce the problem formulated here to a problem for a
quarter-plane:

Uy Jomg = 6, 0 Lr<b; (16 + MoOglo=o = 0, b1 <a
Ug lo=o = 65, 0<<r<<a; 0o loog =T oo =0, r>a
up lo=-n/z = 1,0 lo=—mie = 0, 0<r << oo (2.1)

with the additional condition of equilibrium of the stamp
¢ P
{oolemodr = 2.2)
0

Let us introduce into our discussion the unknown functions

X1 (1) =0 (r,0), % (r) = 0 (r, 0) + pop (r, 0) 2.3)
Py () = v, 10u,/or (r, 0), P, (r) = vy 1 due/or(r, 0)

Then from the boundary conditions (2.1) we have suppx;C[0,a], suppx.C[0,b],
supp¥; C[b, ®], suppy,C[a, ], and the function x,(r), by virtue of (2.2), must satisfy the
condition

¢ P
Vneyar =4 2.4)
(1]

Using the Mellin transformation (1.2) we reduce the problem formulated here to the following

boundary value problem for Eq. (1.2):
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Oos lo=o = a*'@;7 (s), [poe, + (s — 1)7! Gas'le=o = b**1Dy™ (5)
[(1 —v)oes’" — (vs + 1 — ) (s — 1) Oggle—g = s (s — 1) &1 D* (5)
(1 — ) 00" + (28 — vs® + 2vs — s + 1 — V) 0g,'lo=p =

= s (s — 1) a*"1D," (s)

14
08 lo=—nsa = Gos” lom-nrz = 0
1 1

D, (s) = S yi(aryridr, @y (s) = S %2 (Or)ridr

0

: = (2.5)
D (5) = S P (br)yrédr, @y (s) = S Pa (ar) rédr
1 1
Solving this problem we obtain the homogeneous Riemann problem
AHDt (s) = K, (s) Dy (s) — %, A% tg Vyms®,™ (s)
D, (s) = Koy (s) Py (s) — x MDD, (s), s& T (2.6)
K, (s) = x, ctg Yyms + px_, K, (s) = »_ + px, tg Yyms,
A =bla=(0,1)

[the quantities x. are defined in (1.4)]. Deriving the expression for ®; (s) from the second
equation of (2.6) and substituting it into the first equation, we obtain

D% (5) = [Ko (7 K, () A*71D," (s) + %4 [Ko (917 @57 (5),

xy = %2 — %2

We now factorize the function Ko(s) = Ko™ (s) Ko™ (5)

Kol (— 5/2) - T (1452 %
Kt =—ra—a—wm KO =Tarm "= amw @7)

[« is defined in (1.5)], and rewrite system (2.6) in a form suitable to use the method of [5]

e LKy~ (171 Dy (5) = Ko* (5) @1 (5) — A2 (Ko™ (17K, (5) D7 (9)
(2.8)
(Kt ()17 DyF () = Ko™ () @y (s) — % A+ (K" (N D, (s)

The function [Ky~ (s)] 7! Ky(s) is meromorphic in the region D™ and has poles at the points
s=-2a—2j and s=-1-2j, (j= 0, 1, ...), while the function [Ko*(s)]™! has no other
singularities in the region D ~ apart from the poles at the pointss = —2a+2+2j(j =0, 1, .. .). Let
us introduce the functions

-~ o0

+ ) At -re) — \! B,
\I’O (s)—jZ_os_*_za:sz:Fi_i ’ lI,‘].’(s)_">:0‘s_i_1_|_2j (29)

A;* = Res j{—u_l,'“ (Ko™ (917! @, (s)}
3=—20+2+2
47 = Res {11 Ky (1 Ky (9) @F (9}
By = Res {—\*1 [Ky~ (917 K, () 5* () (2.10)
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Taking into account formulas (2.5) we have, according to Abel-type theorems, ®,7(s) = O(s ™),
®,*(s)=O0(s"1**), s> when s€ED~, D respectively, in which case we obtain from (2.10)
AT =O0W¥j17%), A7 = O(\Yj~*2®), Bj=O(\Yj2*?*), j> . Therefore the series (2.9)
converge uniformly in the corresponding regions Dy* = O\UM,” (j=0, 1, ...), D;” = C\UL;"
(j=0,1,...) where C is the plane of the complex variable, M;,” = {sSEC: |s + 2a F2j F1—1|<e},
L;* = {s€C:|s+1+2j|<e}, e is a positive number as small as desired. Thus the function ¥o*(s) is
analytic in Dy* and the function ¥, (s), ¥, (s) is analytic in Dy~, D, (we note that Dy* DD *,
D,">D").

Subtracting from the left- and right-hand sides of the first equation of (2.8) the sum
Wy (s)+ ¥, 7(s), and of the second equation the function ¥, *(s), amounts to removal of the poles
and thus enables us to use the principle of continuity and Liouville’s theorem. The formulas
determining the solution of the Riemann problem (2.6) have the form

D, (s)= LAY () + % 7"‘+1w

Ky (s) 1Kot (5)
+iy — Yo () + W () K1 (s)[€C 4- Yot ()]
P (s) Ko™ (s) + MK - (5)

D, (s) = %' Ko™ (5) [¥o™ (5) + Y1~ ()]s Dp*(5) = Ko* (5) [C + Wo* (5)] (2.11)

where C is an arbitrary constant. The unknown coefficients A4;*, B, are found from conditions
(2.10). Substituting formulas (2.11), (2.7) and (2.9) into (2.10), we arrive at the following infinite,
normal-type algebraic system:

Ain = Neo-teang, 4 y o) (2.12)

R
B"*'“"""Gf"(‘—x 2(n+ffa)+3)

R B,
"*=’*’"*"’“6°"(1 W+Z T

Oont = 2%, %, T2 (n + a) (rm_n!“)'1
8int = 2w, %2 (n + V) [ax T2 (n + 3/, — a)I™?
Bon~ = 2%, % % (r + 2 — a) (MHano?nl?)

for the new variables A, B,,connected with the old variables as follows: A,,* = CAZ,, B, = CB,,.
We will solve system (2.12) by the asymptotic method. We will seek the coefficients A%, , B, in
the form of

-] . o0
Ane = Agn-1420 2" a;, ;Z.Zj,_ Al = A28 Z a',", J”i
J=0 j=0

had ; 2.
B"‘ —_ )"gn 2' bnj"-m ( 13)
=0

Substituting the expansions (2.13) into system (2.12), we obtain the following recurrence
relations:
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- + s
ano - 607x ’ bno - 61n+

+
851, k~)
“‘f 2(nt+j—a)+1

koo«
+ Gj1, ket

S P A el S T e— +
= O e 2D’ bk = — i

k

k
P e 9., K-.f -2 bya,%-7
o - =
n, k-1 6(}?1(!‘1 2(n +?\o g 2(n+j——a.}+i>
e =]

=01 ..5k=12,...)
As in [5], we can invert the recurrence relations (2.14) and obtain explicit formulas for the
coefficients a,,;~, b,. However, formulas (2.14) are more suitable for numerical calculations.
Let us now find the constant C and the position of the point b. Taking into account the condition
of equilibrium of the stamp (2.4) and (2.5), we obtain @, 7(0) = (2a) "' P, and this yields, finally, by
virtue of (2.11),

(2.14)

ol +
C:m}z‘(&r(”;m%ﬂ"

Just as in Sec. 1, we introduce the quantity

K (b) = lim (b — r)*"%x, (r)
resbf

Taking into account (2.5) and remembering that it follows from (2.11) that

s e
Dy () ~ =5 €2, s—>o00, s&=D 3= ) (A + Bjx)
o2 ' =
we obtain K(b) = C(x,I'(a)) ' (b/2)*"*3. Therefore the value of b can be obtained from the
equation 2 = 0.
We will construct computational formulas for the contact stresses. Taking into account relations
(2.3), (2.5) and (2.11) and using an inverse Mellin transformation, we obtain

g9 (r, 0) = Ly (1) + %ty Ly (1) (2.15)

Ly(r) = - § Co¥ei (1),

2ni Ko~ ()
o (Y@ Y [\
Lz (7‘) = TOni § K°+ (s) 1 ( B ) ds

Using the theory of residues and the first equation of (2.12), we obtain

w. ¥\ BiTC@s+7—a) r o\t '
%0 (r0) = — 5 ?:_.5: A TERYAY ("b’) 0Lr<0)

Consider the case when b<r<a. We have

Ll(r)’a%??“% [20(1—7:‘:")-&“‘ ﬁ mAii F(“’m+ 1;m+ 2‘2:‘”
=o

If max {b, 27Y%a} <r<a, then we should use the following transformation formula [6] to
calculate Gauss’ function appearing in the last equation:



o
]
=]
g
g

he]
wy
Q
&
o
]
w
g,
£
(4]
.
7
]
2
=8
o
19
2

(%]
>

%

hn

m+ 1)1 F (@, m+ 1m+ 2;r%a) = ml [(1 — @)mal™ (a/r)p™2 +
4o — 1)t (L —r¥a)oF (m + 2 —a, 1;2 — a; 1 — r¥/a?)
Function L,(r) is given by the relation

|"'“|
"'».

) = (VN (g o]
a7 no\ b / Tnéﬂl mn L
BTy (e i)+ Ty (Ui r)l} - (b <7 < min (24b, a)y
T (m + 3z~ 1) ( r )3’"*'3-4‘%
T(m+as) \b,

oy 1 O (7 o)y b2 \J-140
BN =15 ,2 @) (- )
=]

and when 22b<r<a, we have

I, {_1_ . ﬂ',r\uL.
\

* 27"")"/I 'I\’

n ]+
1

Iy {0y, gy r) =—

L) =222 T 2—a) ()" 3 [4w T (i) + Bula(ain)]
m=Q

Tofgpnrn=m+3% —a,) ' F2 —a,m+ 3, —a;m-+ 8, —
- al; 53/3‘2)
From (2.1) it follows that for b<r<a the shear stresses 7,4(r, 0) can be expressed in terms of the

normal stresses oy (7, 0): 7,4(r, 0) = —poy(r, 0).
It remains to discuss the case of 0<r<b. We have

%o (r 0) = "B T 2—a)5- 3 [An Ta(@i ) + BTy (s 7)]
m=0

€G<r<2-‘frb)a rs (ary=1» —m—o,J*F (2 —a,{—m—
— Ay} 2 —m—ay; 1*/b?)

T {r, 0) = ”";c':'g )_: {4, Ty (o )i+ BTy (a; r)] — pog (7, 0)

e LY
@Ho<r <) Tufein) =1 )ﬁ‘ ok LY

rd )J-IW
{301

-5 (2.16)

3. THE NON-SYMMETRIC CONTACT PROBLEM WITH FRICTION AND ADHESION

Let us consider the interaction between the elastic half-plane (0<r<, ~w<8<0) and the
stamp (0<r<a, § = 0), to which are applied the vertical force P, the moment M and the horizontal

force T (Fig. 2). The region of contact is split into the adhesion and friction zones. The boundary
conditions of the problem are:



896 Yu. A. AnTipov and N. KH. ARUTYUNYAN

;i

=—m 0g =T =0 0r<oo
0=0u=06+y, 0Zr<a u, =8, by r< b,
T — pog =0, 0 r<by; 19+ pnoe =0, b <r<la 3.1
To=09 =0, a<lr<oo
e | < plool bi<r<byoe>0, 0<r<a

where vy is the angle of rotation of the stamp. The equilibrium of the stamp is ensured by the

conditions
@ a

oot 0)ar=p, (wotr,0ar =1, [oo(r,0)rar=n (3.2)
0 L]

i)
We choose the following unknown functions:
%1 (r) = (T,0 — KOB)o=ps Y2 () = (T8 + HOB)o=o
Py () = v t0u,/or (r, 0), P, (r) = vy 0up/dr (r, 0) (3.3)
and we have, by virtue of (3.1), suppx:C[b;,a], suppx2C[0, b>], suppi; C[0, b1]U[b;, =),
suppy, C [0, ) when 0<r<a ¥ (r) = v_"'y). Writing

Natses sl = § Nty (), 95 () I

0
we arrive, just as in Secs 1 and 2, at the relations

2001, = g (8) Yus + loa (8) Yoo 200ge = Liy (8) Yas + hia (8) Xas 5.4)

hy(s) = —px. + (—1) %, ctg ns, Iy (s) = (—1)' %_ + px, ctg ns
(=12

Let us introduce the parameters
A] == bl/a, Arg':: bg/a, 0<Al<k2<1

and the functions 7

D, (s) = E y1(aryridr, @ (s).= S ya(byr)ridr

1

1 o0
@, (s) = S Yo (bgr)ridr, @, (s) =2p S' Yo (ar)rédr
L] 1

Oy (5) =2 4 (B rdr, @yt (s) =20 [ b bar)rtdr (3.5)
] 1
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Then, taking into account the fact that @, (s) = A**'®,*(s) and using (3.4), we arrive at the
Riemann vector problem
Q" (5) = A0 (9)
DyF (5) = Ly )P () + A Mz (5) Dy (5) — (s + 1)2C,
@yt () = 23" by () @y (8) + loa (IDy™ () — (Ma/Aa) 1D (5)
seT, Co=2p (1 + v)Ey (3.6)
We will obtain from the third equation of (3.6) first an expression for the function ®, (s) and

then for ®,7(s), and substitute them into the second equation, taking the first equation into
account. As a result we obtain, instead of (3.6), the following system of functional equations:

Co (s + 1) + Dt () = Uy (5) @y (5) + A3™1z (8) D2 (s)
Ds* () — 23" 0™ (8) by (8) [ Do (8) + Co (s + 1)) =
=1() Iy () D2 (8) — (M/h)* 1Dy ()
—@g (s) = 1(5) Iz (D, (5) + (A/A) D" (5) — k;"lilz’l(s)' X
X boy (8) @ (8) + Co (s + 1)), 1(s) = —2p (.2 + %, ctg? ns) (3.7)
Let us factorize I;,, [1; 7Y, 1,7 UU:

@=L @)Ly (), 1 @I =L O Ly () (=1, 2)

Lt () = T{imgy s Lo ()= 1t

Frd—a—s)* T'{a+ s)
- WL (—5)T (1 —a —3) - Fi4+9r'c4s
Lt =—rm—parmB =o' 1 O= rmrararofy

Q) ¥l (=T (@ —s) (e . TUF+T(d—a+ts)
LiO=rm—g—armre—n’ L O=rmrBToTo—65s
%y = UK, L, Ky = K, COSEC Mo

The quantities o, B are given in (1.5). Just as in Sec. 2, we introduce the functions

-] o0

_ Af" - Aj'
Y@= Y sorre=y WO =Y ey
=0 =
- Bt _ — By
\y;(s):}_: = Y@= 2——‘s+s,
J=0 J=0
szrn=m+iﬁ+1/2,32m+1=m—iﬁ+1/z(m=0,1,...) (38)

The coefficients A;*, B;* are to be determined. Let us rewrite system (3.7) in the form

[Le* @1 [@F () + Co (s + 1M — voCo (s + 1) — Wy* () =
= Ly~ () @17 (8) + A" [Lg* (9)17M0y2 (8) @2 (8) — voCo (5 + 1)t —
— ¥t (8) (=Cy)
[Ly* @12 ®5* (5) — 23"y (8) [y (8) Lyt ()17 [Dg* () + (3.9)
FCo s+ DM+ viC s+ 1) — ¥ () —¥e* (5) = L 5) Dy~ (5) —
= (/M) [Ly* (17D (8) + v1Co (5 + 1) — ¥, (5) — Wo*(s) (=Cy)
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— Ly @I ®5 () — Vo™ (8) = Lo* () O1F (8) +
+ M/t [Ly™ (917" () —
—A" T g (8) [ (8) Ly™ (017 [@5F () + Co (5 + 1) —
— ¥ () (=0)
Vo =% T2 —0a),vi=T() B+ )21 — o)

(Cy, C, are arbitrary constants). In order to satisfy Liouville’s theorem used here, it is necessary and
sufficient that the coefficients

2 2
A =D C A%, B.x=) C.BL (3.10)
Kmap k=0

are the solution of the following infinite, normal-type algebraic system:

_ - vod at
A“"=7"g+n1’$'l)< Tt _6k1+yn+;:-1>

+ ( M ) r® Blk
nk sn+sj

2 =z':-a+nr$")[ a+n + ot y(n+f+1 n+1B—+I;—s,)]
Bux = (_%)."-l r#) [ e + Brs + >ﬁ (— snijka-}- i snB-.f’tku )] 10

n—0,1,...,k=0,1,2

r.® =x%_sinna (u2 4+ 1) (mxp! 2T o+ 2 +n) T (Mo + 2 + 1)
ra® = —sin 2na (a1 T 3/ —Z +n)T 3/, — 2+ n), 2 =a + if
rem® = % 'RiuLy™ (S2m), Tam® = —(Sam)  RmLy* (—82m)

= (—1)"T (—m — 2if) [mIT (—s2m) T (1 — & — s3m)]7%,

(k) “® (k = 3, 4)

Tam41 = Tom

(81 is the Kronecker delta). We find the solution of the Riemann problem (3.6) from (3.9)

@, (s) = [Ly™ (7Q; (5) + A7 [Ly* ()1, (8) —
— MLyt (8) [Lg* (8) L™ (917 (8), @1 (5) = A" Dy (s)
@, (5) = [Ly ()I72Qs () — M/A)*Ly (S)[Ly* (S)Ly~ ($)17TH2 (5)
@, (s) = —Co (s + 1) + Lg* () Q1 (8), Py (5) = —Ly~ (s) ¥2(s)
Dyt (5) = Ly (8) Q2 (8) + 22" oy (8) L™ (8) Lo* (8) Qs (5)
Q) =Cvo s+ 1T+ C + ¥, ()
Q(s) = —Covy (8 + 1) + Co + ¥y (8) + ¥2' (9) (3.12)

Next we determine the angle of rotation vy and the constants C; and C, . Taking into account the
notation (3.3) and (3.5), we can write the conditions of equilibrium of the stamp (3.2) in the form
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A®, (0) — @, (0) = 2pa™*P, A®D; (0) + @, (0) = 24717
AP0, (1) — @ (1) = 2pa*M (3.13)

Taking into account formulas (3.12) and (3.8) and writing

=) oo B
km 5...;a$1+m—'/.$1/.’- L N T
J=0 J=0

dy = n [T () chanpl™, d; = = (B2 + /) [T (@ + 1) ch nf]™?

we obtain the following system of three equations for determining the constants Cy, C;, C; from
conditions (3.13):
2

Napti=f; (=042 fi=2—4, =21, =02 G

=0
ajx = 2hadoByy (—Vibxo + Ox2 + @™ + @xo) — (—1)T (@) X
X (vobxo + Ox1 + @xo*) (j =0, 1)
ay = —T (& + 1) *avexo + Oy + 01,*) (kK =0, 1, 2)

The angle of rotation v is connected with C, by the relation (3.6).
In order to find the unknown points b,, b, at which the boundary conditions change, we
introduce, as in Secs 1 and 2, the stress intensity factors

K, = lim (r — b))y, (r), K3 = lim (b, — 1)ty {r) (3.15)

r—b4+0 r—+bs—0

On the one hand we have, by virtue of (3.12), as s—
D" () ~ 17y (—8)2 (s DY), By (s) ~ Cos* (s = D)
Wy = Bo- + Bl- + [N (3.16)

while on the other we have, from (3.5) and (3.15), as s—

@t () ~ K b77T (@) (—s)* (s & DY), Dy (s) ~ Kb T (a) s
(s D)

and we find
Ky = 07 [T (@) 0., K, = b2 [T (@)]2C,

The parameters A;, A, are found from the conditions K; =0, K, =0, which are obviously
equivalent to the relations C; = 0, w, = 0. Taking into account (3.16) and (3.10), we reduce the
linear system of three equations (3.14) for Cy, C;, C, to the system of two transcendental equations
for )\1 . )\2

fo (@10F1 — anFo) = (aoef1 — anFo) f; (1 =1, 2)
Fy =By +By + ... ((k=0,1)
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Here the angle of rotation is given by the equation
v = (1 + ) fo [2pE (ago — Fi' Foan)]™
and the equilibrium of the stamp is ensured.
Let us now investigate the problem of singularities in contact stresses and displacements in the

neighbourhood of the singularities. Since K; = K, = 0, the functions 7,4, og, du,/dr, dus/dr are
bounded when 8 =0 and r— b, r— b>. In the nelghbourhood of the point r = a we have

oo (r, ) =0{(a -1} to( 0)=0{a@—nrN*}, r>a—0
duglor (r, 0) = O {(r — a)~*}, ou,/or(r, 0) =0 (1), r>a 40

The study of the behaviour of the stresses of r— 0 produces non-trivial results. We have, by virtue
of (3.5) and (3.12),

w0 | [ - e an

The function [L, (s)]~! has, in the region D™, poles at the points s = ~s,, [s, are complex
numbers defined in (3.8)]. However, by virtue of (3.12) and the fourth relation of (3.11), we have

Res {[Q; (s) — (M/he)*1Ly” ()2 () (Lo* ()7 [Ly~ ()17} =

1=-8,

Applying the theory of residues and taking into account the last equation, we obtain from (3.17)
and (3.3)
xe () = =¥ (@ — 1) [T o — 1) Ly* (@ — DI7Hr/b) ™ +
+ 0 (1), r—0
Tro (r, 0) = a2 (1), To (1, 0) = )™M (), O<r < By

Comparing (3.5) and (3.12), we obtain

dup | o L T (@) Wi~ (@ — 1) (r/b)™ +o),

7 lomo % Tt BT T (— BT o) r—0

In conclusion we note the possibility of a passage to the limit \;— 0 (b;—0) in formulas (3.12). In
this case we have ®,*(s) = 0, ®37(s) = 0, ¥,*(s) = 0. To obtain the coefficients A, we turn to the

algebraic system

_ n C
A7 =—n"" “’(cl+ Toamw Z 1+n+1)

__ a2-a4n_(2) COVI
Ant =2 (Cz 2=-a+n +2 1~rn+u)

Taking into account relation (3.12) (¥,* = 0), we obtain (D; are complex constants)

% (r) = Dyr=h+i6 + Dyr-/vi® + O ('), r—>0 (=1, 2)
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THE CONTACT PROBLEM OF THE DISCRETE FITTING OF
AN INHOMOGENEOUS VISCOELASTIC AGEING CYLINDER
WITH A SYSTEM OF RIGID COLLARSY

A. V. Manzuairov and V. A. CHERNYSH
Moscow

(Received 11 March 1990)

The axially symmetric contact problem of the interaction of an inhomogeneous ageing viscoelastic
cylindrical body with an arbitrary finite system of fitted rigid elements is considered. Account is taken of the
fact that the collars are not fitted or removed at the same time, which is dictated, for example, by the
particular features of the installation of engineering structures, as well as the properties of the age and
structural inhomogeneities of the deforming body itself due to manufacturing processes or the erection of
real objects. A formulation of the problem and its system of resolvent bidimensional integral equations are
given. A solution of the system is constructed. A numerical analysis of a number of actual processes is
carried out and the mechanisms of both the individual as well as the combined effect of the main factors on
the characteristics of the contact interaction are investigated.

1. FORMULATION AND RESOLVENT EQUATIONS OF THE CONTACT PROBLEM

LET us investigate the process of the sequential fitting of rigid collars to a bilayer hollow cylinder,
the layers of which are made out of different viscoelastic ageing materials at different instants of

t Prikl. Mat. Mekh. Vol. 55, No. 6, pp. 1018-1025, 1991.



